Further investigation reveals that all even powers of sine have integrals containing periodic terms and a (nontrivial) linear term, whereas all odd powers of sine have integrals with only periodic terms.
In this note, we show that the first integral is representative of the integral of any periodic function. Although this fact (Proposition 1) is not pointed out in any of the calculus textbooks we have studied, we feel that it is elementary enough and of sufficient usefulness in applications to be given attention in an elementary calculus course.
As we show by examples, Proposition 1 can come in handy not only in knowing what to expect when we integrate a periodic function, but also in enabling us to introduce some qualitative aspects of differential equations (the existence of periodic solutions) at the elementary calculus level.
Throughout, when we say that f is periodic of period T > 0, we mean that f: R --R satisfies f (t + T) = f (t) for all t, but not necessarily that T is the smallest positive period possessed by f. If f has period T, then we define the average value of f in the usual way, as PROPOSITION 1. Iff : R -R is continuous and periodic of period T > 0, then
where g is a periodic function of period T.
To prove the proposition, we let g(t) = f (s) ds -ft. If y is a periodic solution of (4) with period T > 0, then y' is also periodic of period T. Multiplying both sides of (4) by y', we obtain y'y"? + a(y/)2+ byy' = 0.
Integrating this from time 0 to any positive time t gives is the maximum value of y. Equation (5) then gives us (y(t))2 = (y(O))2 _ I (y/ (t))2 If b < 0, then we would have (y(t))2 > 0 for all t, which would mean that y cannot change sign. We conclude that the differential equation (4) If we assume that abcd < 0 and that (x, y) is a periodic solution of (6) of period T, then we can write cxx' = acx2 + bcxy -byy' =-bcxy -bdy2
to obtain cxx' -byy' = acx 2-bdy2.
Integration of both sides of the above equation from 0 to t gives C (X(t))2 _ C (X(0))2 -b (y(t))2 + b (y(O))2 = g(t) -g(O) + mt, (7) where g is periodic of period T and m is the average value of 2acx2 -2bdy2. Since all terms in equation (7) must be periodic of period T, we conclude that m = 0. Also, since (ac)(-bd) > 0, then ac and -bd must have the same sign, which means that x and y must both be identically 0 on [0, T], and hence on all of R.
